The hybrid damage index (HDI) is presented as a mean for the damage identification in this paper, which is on the basis of the Kullback-Leibler divergence (KLD) and its approximations. The proposed method is suitable for detecting damage in onedimensional structure and delamination in laminated composite. The first step of analysis includes obtaining the mode data of the structure before and after the damage, and then the KLD and its approximations are obtained. In addition, the HDI is obtained on the basis of the KLD and its approximations, utilizing the natural frequencies and mode shape at the same time. Furthermore, the modal strain energy (MSE) method is employed to verify the efficiency of the proposed method. Finally, to demonstrate the capability of the proposed method, examples of the beam and laminated composite are applied for checking the present approaches numerically, and the final results validate the effective and accurate performance of the present technique.
Introduction
As evidenced by the vast literature in the damage detection, the structural health monitoring has become an increasingly crucial issue. To data, significant efforts have been made by researchers in the damage identification. The presence of damage generally produces changes in the structural stiffness matrix. Meanwhile, these changes are accompanied with changes in the structural modal parameters. This phenomenon has been widely noted and used by researchers in distinguishing the damage. However, using different modal parameters correlated with other relevant information in the damage identification may get very various results with varying accuracy. For this reason, seeking a proper selection or combination of dynamic parameters is an imperative purpose.
From the perspective of the damage detection, Park et al. [1] reviewed the piezoelectric impedance-based structural health monitoring and applied it in the damage detection of civil structural components [2] . Sekhar [3] provided an excellent review on research advances in damage detection areas over the twenty years. Fan and Qiao [4] reviewed vibrationbased damage identification methods and gave a comparative study on the damage detection, and the strain-based damage index for the structural damage identification was reviewed by Li [5] ; the recurrence quantification analysis has emerged as a useful tool for detecting subtle nonstationarities and changes in the time-series data; Nichols et al. [6] extended the recurrence quantification analysis method to multivariate observations for the damage detection. Sun et al. [7] applied the manifold subspace distance to assess the damage. Yan and Golinval [8] utilized the singular value decomposition to obtain characteristic subspaces; then the statistical process technique is adopted for the damage detection of the aircraft wing. Bueno and Sinou [9] employed the Gramian matrices to detect damage in a cantilever beam. Furthermore, wavelet [10, 11] and dimension [12] are also used to detect damage; Liu et al. [13] employed the frequency slice wavelet transform to accomplish the damage detection.
Laminated composite have been widely applied to aeronautic structures as well as automobile and wind power equipment; the reason for that is because laminated composite possesses many merits, such as lighter weight, higher stiffness, heat insulation and preservation, and antiradiation. Usually, this kind of the structural material is made of very thin carbon fiber, glass fiber, and so on. One of the advantages over the tradition material is the light weight, typically only 10-15% of that of a steel structure in condition of obtaining the same stiffness and strength.
Under repeated or impact loads in the serving process, these laminated composites are subjected to various forms of the damage as a result of manufacturing defects or in-service factors, mostly the delamination. Such delamination presents a serious threat to the proper performance of the laminated composite and becomes an obstacle to more extensive usage of the laminated composite. Thus the monitoring of the hidden delamination in the laminated composite is critical in the engineering practice. Meanwhile, the use of vibrationbased techniques as nondestructive testing methods for the damage monitoring of the laminated composite is a field attracting the interest of many researchers.
Up to now, remarkable efforts have been made by researchers in the identification of delamination; the presence of delamination generally produces changes in the structural physical properties. Likewise, these changes are accompanied with changes in the modal parameters of the structure. This phenomenon has been widely noted and used by researchers for distinguishing the delamination. However, using different modal parameters correlated with other relevant information in delamination may get very various results. For this reason, seeking a proper selection or combination of dynamic parameters is a crucial thing.
With respect to detecting the delamination in the composited composite, Nalawade et al. [14] utilized the embedded Hi-Bi photonic crystal fiber to detect the delamination in the laminated composite. Wang et al. [15, 16] employed the Lamb to identify the damage in composite. Yang et al. [17] applied the inner product vector for the vibration response of the laminated composite before and after the presence of the delamination to identify the delamination successfully. Based on the continuum damage mechanics, Shang et al. [18] employed the subset selection technique to complete the delamination identification of laminated composite plates. Based on the novel Laplacian scheme and multiresolution modal curvatures; Kim et al. [19] applied the smooth transition displacement to construct the damage index in the delamination identification. In addition, Liu et al. accomplished the delamination identification by the condition recognition [20] and time-frequency approach [21] , respectively. Worden and Burrows [22] adopted the stiffness degradation method to simulate the damage in aluminum sandwich beams; damage identification results by neural network show that the curvature calculated by the first displacement mode is more sensitive to the damage. Xu et al. and Liu et al. [23] calculated anisotropic laminated plate mode parameters by simulating the delamination through embedding bar units into two layers and the edge-based smoothed point interpolation method [24] ; then the delamination in the anisotropic laminated plate is identified by the neural network. Valoor and Chandrashekhara [25] established the delamination composited beam model by the first-order shear deformation theory; then they calculated the dynamic response of the composited beam in different boundary conditions; mode parameters were employed as the input sample of the neural network; the identification result shows that the displacement mode has a relative higher accuracy, and Katz [26] proposed the conception of the fractal dimension. In the process of calculating the fractal dimension, a moving window was employed; firstly, the fractal dimension in the moving windows is calculated; secondly, every fractal dimension of moving windows was calculated when the moving window advances along the beam. Through the location of the peak of the fractal dimension, the delamination is identified. While Wang and Deng [27] applied the Haar wavelet to process the continuous digital signal to detect the damage, Wu and Law [28] made use of the uniform load surface and detected the damage in an aluminum plate. Then they [29] proposed an anisotropic damage model in the thin plate and identified the damage by the uniform load surface curvature and furthermore predicted the length of the crack on the basis of conservation law of potential energy. In recent years, they used the covariance of the response and the measurement noise [30] to detect damage. Lu et al. [31] employed Lamb wave signals as the input sample of the artificial neural network to identify the crack in aluminum plate. Radzieński et al. [32] proposed an improved method for the damage detection in beam with the basis of experimental modal parameters of a clamped beam, whereas the identification of the two-dimensional structure is not studied.
The KLD is a widely employed tool in the statistics and pattern recognition [33] , which is known as the relative entropy; Eguchi and Copas [34] interpreted the KLD with the Neyman-Pearson lemma and overviewed the KLD in the information geometry. Smith et al. [35] employed the KLD between true and candidate models to select the number of states and variables simultaneously in Markov-switching regression models, whereas the KLD is not symmetrical and it adapts to the triangle inequality. To overcome these shortcomings, the divergence (JD) and the 2 statistic distribution (SD) are adopted. Furthermore, the JD is the symmetrized version of the KLD and the 2 statistic distribution is an approximation to the KLD from the statistic point of view; moreover, the JD is an usual tool for measuring the similarity between probability density functions. Mathiassen et al. [36] employed the KLD, the 2 statistic distribution, and the JD to measure the texture similarity. Then Puzicha et al. [37] also utilized them to evaluate the dissimilarity for the color empirical.
In this study, the KLD and its approximation are applied to identify the damage in the beam and the delamination in the laminated composite. In order to obtain more accurate results of detecting the damage and delamination, especially the multiple damage and delamination, an improving method named the hybrid damage index is adopted. The one-dimensional beam is employed to validate the work of Radzieński et al. [32] , firstly, and then the twodimensional laminated composite is applied to extend the object of the method, which is not included in the work of Radzieński et al.; furthermore, the method of the modal strain energy is also employed to verify the efficiency of the proposed method. Meanwhile, the mode strain energy 3 is employed to verify the efficiency of the proposed method. Finally, numerical results validate the reliability and accuracy of the proposed method.
Algorithms
2.1. KLD. KLD is a fundamental concept about the expected log-likelihood ratio in statistics, which is a widely used tool in statistics and pattern recognition.
Assuming ( ) and ( ) to be two probability distributions with probability density functions ( ) and ( ), respectively, the KLD from the ( ) to the ( ) is defined as [33] 
where denotes taking the expectation operator over the distribution .
Considering a vibration problem of a beam, the ( ) and ( ) can be replaced by the th mode shapes ( ) and ( ) of the intact and damaged beam; thus the corresponding KLD of the beam is given as follows:
Supposing that the beam structure is divided into elements, the KLD of the th element is defined as follows:
where and +1 are the location of the th and ( + 1)th node. To account for all available modes, the KLD along the beam employed for the damage detection can be expressed as
By the same token, the KLD of the ( , )th point in the laminated composite is given as
2.2. JD. JD [38] is employed to measure the distance between two probabilistic distributions or the similarity of two vectors, which also can be applied to establish and recognize the sample of the working status. Furthermore, the JD is given as
in which 1 and 2 are elements of sets 1 and 2 of the sample and is the number of the sample set. The JD of the th element in a beam is obtained by the same token as the KLD and is expressed as
To account for all available modes, the JD along the beam employed for the damage detection can be expressed as
Similarly, the JD of the ( , ) point in the laminated composite is expressed as
2.3. [36] is an approximation to the KLD from the statistic point of view, and it is defined as
The 2 statistic distribution of the th mode is given as
The 2 statistic distribution of the th element is expressed as
To account for all the available modes, the 2 distribution along the beam employed for the damage detection can be expressed as
Similarly, the 2 distribution of the ( , )th point in the laminated composite is given as
Modal Strain Energy of the One-Dimensional
Beam. The strain energy of a Bernoulli-Euler beam [39] is calculated as follows:
where represents the bending rigidity (stiffness) of the beam and denotes the length of the beam; meanwhile indicates the transverse displacement of the beam.
Considering a vibration problem of a one-side clamped beam which is subdivided into subregions, the location of each subregion is able to be represented by ( , +1 ), and the corresponding strain energy associated with that subregion for th mode ( ) can be expressed as
Hence the fractional energy of that subregion is
In the same way, the corresponding fractional energy of that subregion for a damaged beam is given as
As a consequence, the damage index for each subregion along the beam is given by
A normalized damage index can be expressed as
in which represents the mean of and denotes the standard deviation of .
Modal Strain Energy of the Laminated Composite.
For an orthotropic laminated composite with a dimension of × , the total strain energy [40] is given by
where denotes the bending stiffness of the laminated composite; indicates the deflection of the laminated composite;
2 / 2 and 2 / 2 are the bending curvature of the laminated composite; 2 / is the twisting curvature of the laminated composite.
Supposing that the laminated composite structure is subdivided into × subregions and the location of each subregion is represented by ( , +1 ) and ( , +1 ), then the corresponding strain energy associated with the ( , ) subregion for the th mode shape ( , ) is given as follows:
Thus the fractional energy of that subregion is
For the laminated composite with delamination, some analogous equations can be defined using the damaged mode shape, which are given by
Shock and Vibration
To account for all the available modes, the delamination index for each subregion along the laminated composite is given by
A normalized damage index is given by
in which , represents the mean of , , , denotes the standard deviation of , .
The Hybrid Damage Index
2.6.1. The One-Dimensional Hybrid Damage Index. The process of calculating the one-dimensional hybrid damage index is given as follows.
(1) Calculate the change of natural frequencies of the beam before and after the occurrence of the damage as follows:
(2) Certification of the following inequality is done: provided max(Δ ) − min(Δ ) < 2 , in which indicates the threshold; thereby it is assumed that the damage is too small to be detected. (3) In order to improve the identification precision and reduce the boundary effect, the spline extrapolation of the "measured" point for the KLD with the number of the size of the filtering window is done. (4) Reconstructing the KLD of the beam before and after the occurrence of the damage with the weight coefficient is as follows:
in which indicates the KLD based on the th mode shape of the th point of the intact and damaged beam and denotes the weighting coefficient with the value of 1/ for the th subregion of the beam structure. (5) If the number of obtained points is not enough, the cubic extrapolation is adopted to increase the "measured" points with adequate number of points.
(6) Calculate the curvature of the reconstructed̃.
The curvature ] for the th̃with respect to the th subregion is given by
in which ℎ represents the length between two adjoining points.
(8) Construct the function for the damage identification. The function of the damage identification for the th mode shape with respect to the subregion is defined to be
(9) Normalize the curvature dimensionless to [0, 1] rangẽ=
(10) To account for all available modes, a hybrid damage index KLDHDI based on the KLD for the th mode with respect to the subregion based on the KLD is given as follows: 
The Two-Dimensional Hybrid Damage Index.
For the laminated composite, the similar hybrid delamination index KLDHDI , is obtained in the same way and is given as
in which the value of the weight coefficient , is defined as 1/( × ) for the subregion ( , ) in the laminated composite. Finally the similar hybrid damage index based on the divergence (JDHDI) and 2 statistical distribution (SDHDI) can be obtained by the same token.
The Verification of the Proposed Method by Numerical Results
In previous preceding sections it has been shown how to utilize the proposed method in order to assess the location of the damage and delamination. Aiming to account for the practical use of results above with the analysis of real cases, following sections are devoted to outlining some application of numerical simulation samples.
To simulate the real experiment environment, we employed the first three modes of the structure before and after the presence of the damage and delamination in the certification of the proposed method by numerical results.
Case Study I:
Beam. In this section, an isotropic beam is employed to elucidate the performance of the proposed method. 
The Damage Detection of the Beam.
The beam is divided into 100 elements, and the single damage is numerically simulated in elements 41 to 45 by reducing the elasticity modulus to the half. Furthermore, in order to detect the multiple damages, two kinds of damage are numerically simulated by reducing the elasticity modulus to the half in elements 31 to 35 and elements 71 to 75, and the reduction of the elasticity modulus in elements 21 to 25, elements 51 to 55, and elements 81 to 85 to half is employed to simulate three kinds of damage, which is named as the first damage scenario. In order to test the ability of the proposed method to differentiate extents of the damage, the elasticity modulus was reduced to forty percent to simulate the second damage scenario. Finally, all the damage scenarios are shown in Figure 1 . With the aid of the modal analysis in the FE techniques, the first three modes of the intact and the damaged beam are obtained. Owing to the presence of the damage, the change of the mode shape which cannot be visible is induced. The KLD and its approximations are adopted with the intension of detecting the damage in the beam, and then a hybrid damage index based on the KLD and its approximation is applied with the purpose of improving the reliability and accuracy of the above method; all results of the first damage scenario are shown in Figures 2, 3 , and 4. Meanwhile, corresponding results are shown in Figures 5, 6 , and 7.
Discussions.
The appearance and location of the damage are observed through the abrupt anomaly of the curve. Thereby, the MSE, KLD and its approximations, and HDI based on the KLD and its approximations, respectively, are able to detect the all damage in the first and second damage scenarios in the view of damage identification results from Figures 2 to 7 .
However, the value of the KLD is almost larger than JD and 2 distribution along the beam, and the falling velocity of the JD and 2 distribution in the vicinity of the damage location is faster than the KLD. As a consequence, the localized ability of the JD and 2 distribution in the vicinity of the damage location is stronger than the KLD; it demonstrates that the aggregation of the JD and 2 distribution is better than the KLD, which means that the JD and 2 distribution are more sensitive to the damage than the KLD. Hence the ability of the JD and 2 distribution to detect the damage is stronger than the KLD. Furthermore, the JD is almost the same as the 2 distribution, and it is found that the sensitivity to damage of the JD is equal to the 2 distribution. So it is able to draw a conclusion that JD and 2 distribution are capable of overcoming the shortcoming of the KLD.
It is worth noting out that the error of the multidamage identification is larger than the corresponding error of the single damage identification for KLD and its approximations. Furthermore, the value of peaks of the damage on diverse locations varies; thus different locations of the damage can result in various errors of the damage identification. Generally speaking, the error of the damage identification is smaller when the distance between the location of damage and the clamped end is shorter except for the damage identification of three kinds of damage by the JD and 2 distribution in the second scenario. And the reason for that is that the first mode shape plays an important role in the above phenomenon. Furthermore, the longer the distance between the clamped end and the measured point is, the larger the first mode shape is.
On the basis of the KLD and its approximation, the hybrid damage index is obtained, and it is found that the error of the damage identification by the HDI is much smaller than the corresponding KLD and its approximations. Hence a noticeable improvement of the damage identification by the hybrid damage index in comparison with the KLD is observed, in the multiple damage detection, peaks in locations of damage alter greater in comparison with the corresponding, which is able to affect the accuracy of the damage detection. However the HDI based on the KLD and its approximations is smaller than the corresponding MSE in the undamaged region. The HDI based on the KLD and its approximations is more sensitive to the MSE.
In the KLD and its approximations, the KLD is larger than the JD and 2 distribution in the undamaged region, whereas the tendency of the HDI is adverse in comparison with the KLD and its approximations; hence the HDI can improve the performance of the KLD in the damage detection.
The damage extent of the first damage scenario is deeper than the second damage scenario; meanwhile, the peak in the damage location in the first damage scenario is larger than the corresponding peak in the second damage scenario, which affects the error of the damage detection.
Case Study II: Laminated Composite.
In this section, an orthotropic laminated composite is employed to demonstrate the effectiveness and robustness of the proposed method.
Material Properties.
In this study, a 16-layer square laminated composite with a side length of 240 mm and a total thickness of 3.2 mm is considered. The ply orientation distribution along the plate thickness is 
The Identification of the Delamination.
After the delamination occurs in the laminated composite, the delamination region is between two separate sublaminates, which are called the upper and lower sublaminates, respectively. In this section, the delamination is numerically simulated by the method of merging nodes within the delamination region, which has the same coordinate but belongs to the upper and lower sublaminates.
When the laminated composite is in motion, elements of the upper and lower sublaminates may overlap or even penetrate into each other within the delamination region, whereas it is physically impossible. In order to avoid this phenomenon, the virtual spring element is added between penetrated nodes in the upper and lower sublaminates within the delamination region. And the stiffness coefficient of the virtual spring element is set to 0.1 as same as in [41] .
In the delamination scenario 3, the area of the single delamination is a square with a side length of 100 mm. In addition, the area of two kinds of delamination is both a square and with a side length of 60 mm, and the configuration of three kinds of delamination is all a square with a side length of 40 mm. Furthermore, in the delamination scenario 4, the area of the single delamination is 140 × 90 mm 2 , and the areas of two and three kinds of delamination are 60 × 80 mm 2 and 40 × 70 mm 2 , respectively, which is shown in Figure 8 .
On the basis of the technique of the modal analysis, the first three mode shapes of the laminated composite before and after the presence of the delamination in the damage scenarios 3 and 4 are obtained, and then the KLD and its approximation are calculated. In order to reduce and remove the error, the hybrid damage index based on the KLD and its approximation is applied with the intension of identifying the delamination in laminated composite more accurately, and the method of modal strain energy is employed so as to verify the efficiency of the proposed method; finally, all results of the delamination identification are shown in Figures 9, 10, 11, 12 , 13, and 14.
Discussions.
The presence and location of the delamination can be obtained through the sudden change of the corresponding curve; thus it can come to the conclusion that the KLD and its approximations are able to identify all the delamination in the delamination scenarios 3 and 4. The MSE is able to identify the single delamination and two kinds of delamination, whereas it is not able to identify three kinds of delamination in the delamination scenarios 3 and 4. Furthermore, the HDI based on the KLD and its approximation is able to identify all the delamination in the delamination scenarios 3 and 4. As a consequence, the HDI based on the KLD and its approximations is more sensitive to the delamination than the MSE.
It is worth noting out that the error of the delamination identification by the KLD and its approximation is relatively large. The JD and 2 distribution have a much larger error in identifying the single and two kinds of delamination, and values in the boundary of the laminated composite are relatively large in comparison with peaks in the location of the delamination. In addition, values in the boundary are even larger than the value in the delamination location when the JD and 2 distribution are employed to identify the single delamination. Generally speaking, this will reduce the ability of the KLD and its approximations to identify the delamination.
The MSE and HDI based on the KLD and its approximations are both able to identify the single delamination in the delamination scenario 3, whereas the HDI based on the KLD (KLDHDI) has a relative large error. The reason for this is that the values at = 200 mm are especially large, and this can reduce the sensitivity of the KLDHDI to the delamination.
The MSE have a much larger error of the delamination identification in comparison with the HDI when they are employed to identify two kinds of delamination in the delamination scenario 4. From Figure 13 (g) we can know that the value in the same boundary is much larger than the peak in the delamination location. As a consequence, the MSE have a weaker ability of identifying delamination than the HDI based on the KLD and its approximation. The value of the HDI based on the KLD and its approximations in the region between two kinds of delamination is nearly zero when it is employed to identify two kinds of delamination, whereas the corresponding value of the MSE is much larger. It is found that the HDI have a better ability than the MSE in identifying two kinds of delamination.
However, the value of the HDI changes much in different delamination locations, when it is employed to identify multiple kinds of delamination, and it is a direction that needs improvement of the HDI based on the KLD and its approximations.
Generally speaking, it is worth pointing out that the HDI have a better ability to identify delamination than the MSE.
Addition of the Measurement Noise.
For the real modal testing, it is expected that there would be some deviations due to measurement noise. In order to study the efficiency of the proposed method in the noisy environment, the noise is added with the method in [42] . For simplicity, the identification of three kinds of delamination by HDI based on the JD is employed to study the effect of the noise, and four levels (5%, 10%, 15% and 20%) of noise are added to the raw of the first three mode shapes. Finally, the result of the delamination identification is shown in Figure 15 .
From the result it is found that the noise mainly affects the value of JDHDI in the intact region of the laminated composite. When the amount of the noise is 5 percent, JDHDI varies a little greater than the one with noise absent in the intact region, whereas the JDHDI is almost the same in the delamination region; the analogous conclusion also can be obtained with another level of noise. Furthermore, the change of the JDHDI becomes greater in the undelaminationed region, as the amount of noise increases; meanwhile the relative large percent (20) of noise is added, three kinds of delamination can still be identified in high accuracy, and it demonstrates that the proposed method is less sensitive to the noise.
It indicates that the noise mainly affects the error of the delamination in a permissible tolerance, and the results of the delamination identification give a reasonable agreement between the damage identified and the damage assumed. Finally, it is found that the proposed method is an effective and robust method for the delamination identification.
Conclusions
In this paper the hybrid damage index for structural damage detection based on the KLD and its approximations has been proposed, and the following conclusions can be drawn from the above study.
(1) The KLD and its approximations are able to detect the damage in all damage scenarios in this paper, whereas the error of the damage identification is relatively large. As a consequence, the KLD and its approximations are suitable for the beam and the laminated composite. (2) The localized ability on the damage location of the hybrid damage index is stronger than the KLD and its approximations, and the corresponding error of the damage detection by the hybrid damage index is still less than the KLD and its approximations. Hence the hybrid damage index outperforms the corresponding KLD and its approximation. (3) The MSE method is not able to detect three kinds of delamination for the laminated composite; meanwhile the corresponding error of the damage detection is relatively large, whereas the hybrid damage index based on the KLD and its approximations not only is able to detect the damage in all damage scenarios, but also induces a small error of the damage identification. Thus the hybrid damage index based on the KLD and its approximations is a better damage index in comparison with the modal strain energy method.
(4) The applicability of the KLD and hybrid damage index to different types of structures and different sizes of damage is under experimental validation and it will be illustrated in the future work.
(5) Results of the present work refer to the beam and laminated composite; moreover they can be easily extended to more complex structures and more complicated boundary conditions.
In conclusion, the present consequences provide a foundation of using the hybrid damage index based on the KLD and its approximations as an efficient tool in the damage and delamination identification in the beam and laminated composite, respectively. Moreover, the enhancement for reliability and precision of the proposed method is undergoing in our next research.
